FELDER'S ELLIPTIC QUANTUM GROUP AND ELLIPTIC 
HYPERGEOMETRIC SERIES ON THE ROOT SYSTEM A„ 

HJALMAR ROSENGREN 

Abstract. We introduce a generalization of elliptic 6j-symbols, which can bo interpreted 
as matrix elements for intertwiners between corepresentations of Felder's elliptic quantum 
group. For special parameter values, they can be expressed in terms of multivariable elliptic 
hypergeometric series related to the root system An. As a consequence, we obtain new 
biorthogonality relations for such series. 



1. Introduction 

In Baxter's solution of the eight- vertex model, a decisive step is the introduction 
of the eight-vertex-solid-on-solid (8VS0S) model, the two models being related by 
a vertex-face transformation |Bj. The i?-matrix of the 8VS0S model satisfies a 
modified version of the quantum Yang-Baxter equation known as the quantum 
dynamical Yang-Baxter (QDYB) equation. The QDYB equation includes as a 
special case the hexagon relation for 6j-symbols, which was first found by Wigner 
around 1940 jWi] . 

Two currently active research areas arising from the 8VS0S model are dynamical 
quantum groups and elliptic hypergeometric functions. For surveys, see |ESj and 
|GRt Chapter 11] or |S4j . respectively. The aim of the present work is to find a 
new and unexpected connection between these two areas. 

To explain the notion of a dynamical quantum group, we recall the FRST 
(Faddeev-Reshetikhin-Sklyanin-Takhtajan) construction |RTF] . which associates 
a bialgebra (in many cases a Hopf algebra) to any quantum i?-matrix. Physically 
interesting quantities can then be studied by algebraic methods. It is not obvious 
how to generalize the FRST construction to dynamical i?-matrices. A first step 
was taken by Felder [F], who, rather than defining a dynamical quantum group 
as an algebra, defined a category of its representations. In the case of Baxter's 
dynamical i?-matrix, pertaining to the 8VS0S model, this category was studied in 
detail by Felder and Varchenko |FVlj . Later, Etingof and Varchenko |EVlj gave a 
solid algebraic foundation for dynamical quantum groups as [)-Hopf algebroids. By 
Felder's quantum group, we mean the f)-Hopf algebroid obtained by applying the 
generalized FRST construction of Etingof and Varchenko to Baxter's dynamical 
i?-matrix. 

In [D], Date et al. applied a process of fusion to the 8VS0S model, thereby 
obtaining more general dynamical i?- matrices known as elliptic 6 j -symbols. The 
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classical 6j-symbols of quantum mechanics can be expressed as hypergeometric 
sums, that is, as Ylk^k with ak+i/dk a rational function of k. Elliptic 6j-symbols 
are given by more general sums, with a^+i/afc an elliptic function of k. Frenkel 
and Turaev [FT] realized that this was the first example of a completely new class 
of special functions, elliptic hypergeometric functions. 

Another relatively recent class of special functions are hypergeometric functions 
on root systems, which first appeared in the context of 6j-symbols of unitary groups 
|AJJl ICCB] . Similarly as for elliptic hypergeometric series, examples appeared in 
the physics literature long before their nature as generalized hypergeometric series 
was emphasized, in this case by Holman, Biedenharn and Louck |HBLj . Recently, 
many authors have considered elliptic hypergeometric functions on root systems, 
see e.g. jPSTl lDS2l iKNl Ei EHl [R2l eI [RoSl EH [S2l |S3l |SW]. (To be precise, 
we think here mainly of integrals and sums of type I or Dixon-type, as opposed 
to type II or Selberg-type.) A major recent development is the appearance of 
elliptic hypergeometric integrals on root systems in the context of supersymmetric 
quantum field theories |D0[ ISVj . which has led to many new conjectures. In spite 
of the origin of hypergeometric functions on root systems in the representation 
theory of unitary groups, little has been written about connections with Lie or 
quantum groups, and in the elliptic case nothing seems to be known before the 
present work. 

In view of their common origin in Baxter's 8VS0S model, one would expect 
direct relations between Felder's quantum group and elliptic hypergeometric func- 
tions. Such relations were obtained in |KNR] , and in a somewhat different way in 
|KoN] . Felder's quantum group has a one-parameter family of (A^-l-l)-dimensional 
irreducible corepresentations Vn{z). In |KoNj . Koelink and van Norden considered 
pairings of the form {M^ {w) , M^^{z)) , where M^{w) denotes a matrix element 
of Vm{w), and (■, ■) is the cobraiding on the quantum group. These pairings are 
matrix elements of the natural intertwiner 

Vn{z)%Vm{w) Vm{w)^Vn{z) (1.1) 

[® is a modified tensor product appropriate for dealing with Hopf algebroids). It 
was shown that such pairings can be identified with the elliptic 6j-symbols of [D] . 
In the present paper, we consider rather than fll.ip the intertwiner 

{Vi{zi)% . . . ®Vi{zn)) § {Vi{wi)^ . . . ®Vi{wm)) 

(Viiwi)® . . . ®Vi{wm)) ® (Vl(zi)® . . . ^Vi{zn)) ■ (1.2) 

In a natural basis of pure tensors, the matrix elements of this intertwiner are 
partition functions of the 8VS0S model with fixed boundary conditions. However, 
we will consider the same intertwiner in a different basis, when the matrix elements 
can be considered as generalized 6j-symbols. 
The comodule V^iz) is a quotient of 

Vi{z)^Vi{qz)^---(^Vi{q^-'z) 
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(g is a parameter of the i?-matrix). Accordingly, when wj = q^~^uj and Zj = q^~^C, 
our generahzed 6j-symbols reduce to the elhptic 6j-symbols of [D]. One of our 
main results is that, if only w is specialized to a geometric progression, then 
the generalized 6j-symbols can be expressed in terms of elliptic hypergeometric 
series related to the root system An, of the type studied in |KNl IR21 IR3t [ST| [S2] . 
This connection allows us to obtain new biorthogonality relations for such series. 
Surprisingly, although degenerate cases first appeared in the study of SU(n), we 
obtain more general functions using an elliptic deformation of mere SU(2). 

The original motivation for the present study was not the link to hypergeometric 
series on root systems, which in fact came as a surprise. Rather, it is part of 
an ongoing project to develop harmonic analysis on dynamical quantum groups, 
with Felder's quantum group as the main example. In particular, we believe that 
some of our findings will be useful for constructing a Haar functional on Felder's 
quantum group, and for obtaining a more concrete version of the construction of 
solutions to the g-Knizhnik-Zamolodchikov-Bernard equation due to Varchenko 
and co-workers |FTVH IFTV21 IFV2[ IMV] . Finally, in view of the recent appearance 
of elliptic hypergeometric integrals in quantum field theory mentioned above, one 
may speculate that the biorthogonal system of Theorem 17.2^ or related systems 
with continuous biorthogonality measures, has a role to play in that context. 

The plan of the paper is as follows. In §21 we give preliminaries on dynamical 
quantum groups. This includes some new definitions and results, in particular on 
unitary cobraidings on l)-Hopf algebroids. In ^ we recall the definition of Felder's 
quantum group, and collect some elementary though useful results on its cobraid- 
ing. In particular. Corollary 13. 71 is a key result that should have some independent 
interest. In ^ we introduce the corepresentations and bases that we will use. In 
§3 we discuss a function that appears as a building block of our generalized 6j- 
symbols. In terms of the 8VS0S model, it is the domain wall partition function; 
it can also be identified with elliptic weight functions of Tarasov and Varchenko 
|TV] . In ^ we introduce generalized 6j-symbols and study their main properties. 
In particular, in Theorems 16 . 2 1 and 16 . 1 3 1 we give explicit expressions for these sym- 
bols. Although these formulas may seem complicated, they are natural extensions 
of Racah's expression for the classical 6j-symbol as a 4F3 hypergeometric sum. In 
^ we consider the specialization of generalized 6j-symbols that leads to elliptic 
hypergeometric series on the root system An- As an application, in Theorem 17.21 
we obtain an explicit biorthogonality relation for such series. Finally, an Appendix 
contains generalities on unitary symmetries of cobraided f)-Hopf algebroids. 

Acknowledgements: I thank Jonas Hartwig for many discussions, and Vitaly 
Tarasov for illuminating correspondence. 

2. Dynamical quantum groups 

This Section contains preliminaries on f)-Hopf algebroids, most of which can be 
found in jEVTl IK3NI [KRl [Rl] . 
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2.1. P)-Hopf algebroids. Let f)* be a finite-dimensional complex vector space. 
The notation is motivated by examples where f)* is the dual of the Cartan subal- 
gebra of a semisimple Lie algebra. In the case of interest to us, P)* = C. 

We denote by M[,* the field of meromorphic functions on f)*, and by Tq,, a G f)*, 
the shift operators (Ta/)(A) = /(A + a) acting on M(,.. Moreover, D<^ denotes the 
algebra of difference operators /jT/j., /j G M(,., /3j G P)*, acting on M(,*. 

An i)-algebra is a complex associative algebra with 1, which is bigraded over 
I)*, that is, A = Aai3, with Aa/sA^s C y4a+7,/3+5. Moreover, there are two 

algebra embeddings fii, fir : Mf,* — > Aqq (the left and right moment maps), such 
that 

fii{f)a = afiiiTaf), fir{f)a = afir(T,3f), a e A^fi, feMt,,. 

A morphism of f)-algebras is an algebra homomorphism which preserves the bi- 
grading and moment maps. 

When A and B are f)-algebras, A(^B denotes the quotient of 0^ ^ Aa-y^B^js 
by the relations fir{f)ci^b = a®jj,i{f)h. The multiplication {a®h){c®d) = ac®hd, 
the bigrading A^-y^B^p C [A®B)ai3 and the moment maps 

IJ,i{f){a (g)b) = ni{f)a (g) 6, /ir(/)(a (S)b) = a(g) firif)b 

make y4®-B an f)-algebra. 

The bigrading /T_/3 G (-Dfj)/?^ and the moment maps fii{f) = fi'rif) = fTo 
equip Df, with the structure of an f)-algebra. It provides a unit object for the 
tensor product 0, namely, 

X ~ X (g) ~ (g) X, X e Aal3, (2.1) 

define f)-algebra isomorphisms A ~ ~ Df,®^. 

An \)-hialgehroid is an f)-algebra A equipped with two [)-algebra morphisms 
A : A — )■ A® A (the coproduct) and e : /I — Di, (the counit), such that 

(A (g) id) o A = (id ® A) o A 

and, under the identifications fl2.ip . 

(e®id) o A = (id®e) o A = id. (2.2) 

An i)-Hopf algebroid is an f)-bialgebroid equipped with a C-linear map S : A ^ 
A (the antipode), such that ^(A^^) C A_p_a, 5'(/i,.(/)) = /iz(/), S{ni{f)) = Urif), 
S{ab) = S{b)S{a), S{1) = 1, 

AoS = ao{S®S)oA, 6oS = S^'^oe, (2.3) 

mo (id(g)5) o A(a) = /ii(e(a)l), (2.4) 

m o (S* (g) id) o A(a) = jj,r{Ta{e{a)l)), a G Aq,^, 

where m denotes multiplication, a{a ® b) = b ® a, and where S^'^ is the antiauto- 
morphism of Df, defined by 

5''^/) = /, S''^iT^)=T_^. (2.5) 
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These axioms are far from independent, see [KRj . 
We will use Sweedler's notation 

^ a ® • ■ ■ (g) a^"^ 

(a) 

for the iterated coproduct of a. Then, (12 ■2p may be written 

X = ^iii{e{x')l)x" = ^fXrie{x")l)x'. (2.6) 

(x) (x) 

Moreover, assuming that each a^^^ belongs to some bigraded component A^-p^^ we 
write uji^i+i{a) = A = ai+i- For instance, if a G Aap, then 

(id ® A)A(a) = (A (g) id)A(a) = ^a' ® a" ® a^'^\ 

(a) 

where a' G Aa^uii2{a), O-" ^ ^wi2{a),W23(a)5 '2 ^ 

2.2. Corepresentations. An l)-space is an [)*-graded vector space over M(,., = 
®aet)* ^ morphism of (^-spaces is an M(,*-linear and grade-preserving map. 
If A is an [)-bialgebroid and V an [)-space, A(8V" denotes the quotient of 

by the relations fj,r{f)ci ® v = a ® fv. The grading Aa/jigV^ C (A®V)a and 
the M(,*-linear structure /(a ® f ) = fii{f)a ® make A^V" an f)-space. The 
identification 

fT.^®v^fv, veVo,, (2.7) 

gives an [)-space isomorphism i5(,(g)V^ ~ V . 

A corepresentation of A on V" is an f)-space morphism vr : \^ — )■ Acg)^ such that 

(A (g) id) o TT = (id (g) 7r) o TT, (e (g id) o vr = id, (2.8) 

using (12. 7p in the second equality. If {ex)xex is a homogeneous basis for V over 
Mi,*, ^x £ then one can introduce matrix elements t^y G A^(^x)u(y) by 

^(^x) = ^^xj/ ® Cy. (2.9) 

ydX 

In terms of matrix elements, (12. 8p takes the form 

^{^xy) — ^ ] ixz ®izyi ^i^xy) = ^xyT-uj{x)- (2-10) 

Given two f)-spaces V and W , their tensor product V®W is defined as (g ly 
modulo the relations 

T^c,U)v ®w = V ® fw, f G feMi,*. 
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It is an f)-space with Va^Wi^ C (V®W)a+i3 and f{v ® w) = fv w. li V and W 
are corepresentation spaces, then so is V§)W under 

'^v§>w = {m® id) o 0-23 o {t^v ® t^w), 
where (J2z{ci® v®h®w) = a^b^v^w. Equivalently, in terms of matrix elements, 

^v^wiel ® e^) = Yl Ct^b ® er ® . (2.11) 

ab 

2.3. FRST construction. Let X be a finite index set and co : X — )• f)* an 
arbitrary function. Let R = {R'^c)a,b,c,d£X be a matrix, whose elements = 
R^{X, z) are meromorphic functions of (A, z) G f)* x C^, where = C \ {0}. We 
refer to A as the dynamical parameter and z as the spectral parameter. Moreover, 
we require that 

i?^^^0 =^ u{a) + uj{c) = u{h)+uj{d). (2.12) 

To any such R one may associate an f)-bialgebroid A. As a complex algebra, it 
is generated by two copies of M(,., whose elements we write as /(A) and /(/x), 
respectively, together with generators (i^xj/(-2))a:,j/gx,2ec>^ • The defining relations 
are 

f{X)L^y = L^yf{X + w(x)), f{fJ')L,j,y = L^yfifi + uj{y)), 
fiX)gi^^) = 9{^^)f{X), 

V lim {t~z/wfR:y{X,t)L^,{z)Ly,{w) 

xy 

= V lim {t-z/w)''R'^y{^l,t)L,y{w)Kx{z), (2.13) 

xy 

for X G Z such that all the limits exist. If each R'^{X, z) is holomorphic in z, then 
(I2.13P reduces to 

J2 Kl{\ z/w)L,,{z)Ly,{w) = J2 Rxyif^^ ^/^) 

Lcy{w)Lax{z). 

xy xy 

The bigrading /(A), /(/x) G Aqo, L^y G A^(x)a;(y), the moment maps /i;(/) = 
/(A), ^r{f) = /(/i), the coproduct 

A(L„,(z)) = Y,Lax{z)®L,,{z), A(/(A)) = /(A)®1, A(/(/i)) = l®/(/i) 
and the counit 

e{L,,{z)) = 6abT.^ia), e{f{X)) = e{f{fi)) = f 
make A an f)-bialgebroid. 
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2.4. QDYB equation. The FRST construction is of particular interest when R 
is a dynamical R-matrix, meaning that 

^ R2{X - ujU). ^1/^2) RTf{\ ^1 A3) i?£(A - u;(a), z,/z,) 

xyz 

= ^ Rl}{X, z,/zs) RT.{X - u{y), z,/z,) Rf^{\ z,/z,). (2.14) 

xyz 

A dynamical i?-matrix satisfying 

Y^R2{\z,/z,)Rf,{X,z,/z,) = 6^Jm (2.15) 

xy 

is called unitary. 

Let V be the complex vector space with basis {vx)xex- We identify R with the 
map (f)* X C^) End(,(V" ® "K) given by 

R{X, Z){V^ ® ^y) = KbiX, z)Va ® Vb 
ah 

(the subscript in Endf, refers to the condition fl2.12p ). Then, (12.141) and (I2.15P can 
be written in coordinate-free form as 

R^\X - h^'\ z,/z2)R''{X, z,/zs)R'\X - h^'\z2/z,) 

= R'\X,z^/z,)R'\X - h^'\z^/z,)R'\X,z,/z^), 

R^\X,Zi/z2)R^\X,Z2lz^)=ld, 

where the notation is explained by the example 

- h^'^\zx/z2){Va ®Vb®Vc) = RtyiX - CJ(C), Zl/Z2)(fx ® ® fc)- 

xy 

More generally, one may consider the equations 

n'Mx - /^(3))7^^V(A)nV(A - h^'^) = nf^{x)n]^^{x - h('^)n'Mx), 

^^V(A)7^^V(A) = id, 
for operators TZuv '■ f)* Endf,([/ <^V), where U, V and W are f)*-graded complex 
vector spaces. Equivalently, if 

TZuviX) {u^®Vy) = J2 KtiX; U, V) {Ua ® Vb) , 
ab 

one has 

KliX - uif); U, V) 7^r/(A; U, W) 7^Jl(A - u;(a); V, W) 

= J2 ^eKA; V, W) ntiX - ooiy); U, W) nf^^X- f/, V), (2.16) 

xyz 



xyz 
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J2K!i^;U,v)nii{x-v,u) = 6,a,. (2.17) 

xy 

The QDYB equation is equivalent to the star-triangle relation for certain gener- 
alized ice models, see ^ for the case [)* = C and pi IJMO] for examples involving 
higher rank Lie algebras. In the case when the spectral parameter is absent, it 
is the hexagon relation for 6j-symbols, in the case Fi* = C going back to Wigner 

m- 

2.5. Cobraidings. For the following definition, see |Rll Def. 3.16]. 

Definition 2.1. A cobraiding on an \)-hialgehroid A is a C-bilinear map (-,■) : 
y4 X y4 — 7- Df, such that, for any a,b,c & A and f G M|,*, 

(yUr(/)a, b) = (a, lJ,i{f)b) = / o (a, 6), 
(mif), b) = (a, bfirif)) = {a, b) o /, 

(a6, c) = ^(a, c') T^^^ic) {b, c"), 
(a, be) = ^{a", b) T^^^{a) («', c), 

(a) 

(a, 1) = (l,a) = £:(a), 
fii{{a', b')l) a"b" = J2 l^r{{a", b")l) b'a' 

(a)(6) (a)(b) 

In particular, 

{A^p, A^s) ^0 =^ a + 7 = /3 + 5. 
The following definition is motivated by Proposition 12.51 below. 

Definition 2.2. A cobraiding is called unitary if 

e{ab) = J2 (&',a')^.i,(a)+.,,(fe)(a",6"). (2.23) 

(a)(6) 

To verify that a cobraiding is unitary, the following facts are useful. 

Lemma 2.3. The equation fl2.23p always holds if a orb is in fii{Mtj*)fir{Mtj*) . 
Moreover, if fl2.23p holds for the pairs (ai, b) and (02, b), then it holds for (0102, b), 
and if (12.231) holds for the pairs (a, 61) and (a, 62)) then it holds for [a, 6162)- 



(2.18a) 
(2.18b) 

(2.19a) 
(2.19b) 

(2.20) 
(2.21) 

(2.22) 
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Proof. We will only prove the last assertion, the second one being similar and the 
first one straight-forward. Thus, we must prove that 

e{abc) = ^ {b'c,a)T^-^^^a)+L,Mb)+uMc)W^b"c"). 

(a)(fe)(c) 

By f l2.19p . the right-hand side equals 

(6', a')T^^2(a)(c', a")T^23(a)+(^^2(fc)+^j2(c)(a^^\ 6")T^3,(.)(a(=^),c"). 

(a)(b){c) 

Since {c',a") e Mi,,T_^^^^c)-cu23ia) and {a'-^^b") G Mi^*T_^^^(^a)-L,Mb), this may be 
written 

(6', a')T^j2(a)+^j2(fc)(a^^\ b")T^^^(^a){c' , a")T^^^^a)+wi2ic){(^''^\ c") 

(a)(fe)(c) 

= X] {b', a')7Li2(a)+a;i2(b)(a^^\ ^")7L23(a)£:(a")^(c) 

{a)(fe) 
(a)(fe) 

= {b' , a)T^^^(a)+uj^2(b){0''\b")e{c) = e{abc), 

(a)(fe) 

where we used first fl2.23p for the pair (a,c), then f l2.18ap . then f l2.6p . and finally 
([223D for the pair (a, 6). □ 

Cobraided f)-bialgebroids arise naturally from dynamical i?-matrices, see |KoN[ 
Remark 3.4] and, for the case without spectral parameter, [Rl', Cor. 3.20]. 

Proposition 2.4. Let the dynamical R-matrix R and the \)-hialgehroid A he related 
as in §2.31 Assume that the matrix elements R'^^{X,z) are meromorphic in A for 
each z G C^. Then, there exists a cobraiding on A defined by 

{Lab{w),L,d{z)) = Rli{\w/z)T^^(a)^^(,y (2.24) 

Proposition 2.5. // R is unitary in the sense of fl2.15p . then the cobraiding 
described in Proposition 12.41 is unitary. 

Proof. By Lemma [2.3[ it is enough to verify that fl2.23p holds for a i— )■ Lab{z) and 
b n- Lcdiw). This amounts to the identity 

^ab5cdT-u>(a)~u>{c) = y^^{Lcx{u)), Lay{z))T^{^x)+ui{y) {Lybjz), Lxdjui)) 
xy 

xy 

which is indeed equivalent to f l2.15p . □ 
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Proposition 2.6. If A is an i)-Hopf algebroid with a unitary cohraiding, then 

{Six),y) = Ta{y,x)T(s, x e Aap. 
Proof. Expanding x and y using the first expression in fl2.6p gives 
{Six),y) = J2 {Six")fxMx')l),f,iieiy')l)y"). 

Using, respectively, fITTH]) . ( HTI^ . (ETTgij) . fl^ and ^TMf . this may be written 
J2T^e{x'y')T^,,^y^{S{x"),y") 

= Ta {y , x') T^i2{x)+uii2{y) {x' , y ') Tuj23{y) {^^^^) ^ y^^'^) 

= T„ ^ (!/', a;') T^,2(^)+<^,2(y) {x"S{x^^^),y") 

{^ii{e{x")l),y") 

= X] ^'^ T^i2{x)+i^i2{y) ^{y"x") Tp. 
ix)iy) 

The same expression is similarly obtained by expanding x and y in Ta{y,x)Ti3 
using the second expression in (12.61) . □ 

The following consequence was taken as an axiom in [Rlj. In the unitary case, 
we find that it holds automatically. 

Corollary 2.7. In an i)-IIopf algebroid equipped with a unitary cohraiding, 

(a, 6) = 5^^ ((5(a), 5(6))). (2.25) 

2.6. Algebraic construction of i?-matrices. By Proposition 12. 4[ a dynamical 
i?-matrix gives a cobraided [)-bialgebroid. Conversely, cobraided f)-bialgebroids 
can be used to obtain solutions to the general QDYB equation (I2.16p . We will 
consider two closely related examples of such constructions. In both cases, our 
starting point is the identity 

(a", c')T(^^2(c)(6", c")T^j2(a)+(^i2(;,)(a', b') 

(a)(fe)(c) 

= («",&")rc.i2(a)+.«w(&',c')T^,,(,)(a',c"), (2.26) 

(a)(6)(c) 

which is obtained by applying (-, c) to both sides of fl2.2ip . 
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For the first example, consider a cobraided f)-bialgebroid obtained from a dy- 
namical i?-matrix as in Proposition I2.4[ Introducing the notation 

Lai,{z)=La,b,{z^)---La„K{zn). a,h ^ , (C^f, (2.27) 

we write 

{Lab{w), Lcd{z)) = 5a;(a)+a;(c),w{f))+w(d)^ac('^; ^5 z)T^uj(a)-Lj(c) , (2.28) 

where u{a) = J^i'^i^i)- Substituting a L^aiu), b i— L^biw) and c h-?- Lfc{z) in 
fl2:26|) yields fl23B|) in the form 

Zll{\ - ujU)- n, w) Z-(A; z) Z^^X - a;(a); ^, ^) 

xyz 

Here, m, w and 2; may be vectors of different dimension. Moreover, in the unitary 
case we may let a 1— )■ Lbd{z) and b 1— )• Lac{w) in f l2.23p . which gives f l2.17p in the 
form 

J]z,7(A;i/;,z)^£(A;^,^) = 5,Ad. 

xy 

For the second example, consider a general cobraided P)-bialgebroid A, not nec- 
essarily obtained via the FRST construction. For each corepresentation U of A, 
fix homogeneous basis elements and matrix elements t^y as in (12. 9p . We may 
then write 

(^afej = '^a;(a)+a;(c),a;(6)+u;(d)'^ac('^; U,V) T_^(^a)-ui{c)- 

Replacing a ^ b ^ t^^, c ^ tj^ in (^26^ gives the QDYB equation (KWh . 
Moreover, assuming that the cobraiding is unitary, substituting a t^^, b t^^ 
in fl2:23|) gives ^A7\f . 

The quantity 71^^^{X; U, V) is a matrix element for the action of in the rep- 
resentation dual to U, see |Rll §3.2]. It is also a matrix element for the natural 
intertwiner $ : V^U — )■ U^V. To be precise |Rll Prop. 3.18], $ is given by 

2.7. Lattice models. The quantity Z^^ introduced in (12.280 is the partition func- 
tion for the lattice model with Boltzmann weights R and fixed boundary condi- 
tions. Though this fact should be expected, it seems not to have been discussed 
in the literature in the present setting, cobraidings on f)-bialgebroids having been 
defined only recently [Rlj . Since we will occasionally refer to the lattice model 
interpretation, we provide a brief explanation here. 

Consider the finite lattice obtained by intersecting m vertical and n horizontal 
lines. The intersection points are called vertices. Including edges and faces at the 
boundary, each vertex is surrounded by four edges and four faces. 
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As in §2.3[ let X be a finite set, [)* a complex vector space and u : X — )• f)* 
an arbitrary function. We label all edges with elements of X and all faces with 
elements of f)*, so that around each vertex there is a label configuration as in the 
left part of Figure [1] 



a 


/5 


5 


7 



a 



Figure 1. Local label configurations in vertex and face picture. Roman char- 
acters refer to elements of X, Greek characters to elements of f)*. 



We require that the face labelling is obtained from the edge labelling as follows. 
The top left face has label 0, and as we move east or south, crossing an edge 
labelled x, the face label increases by uj{x). This is possible if and only if the edge 
labels around each vertex satisfy 

u{a) +uj{c) = u{h) +uj{d). (2.30) 

If u is injective, the edge labels are conversely determined by the face labels. A 
labelling satisfying these rules will be called a state. 

In our main case of interest, f)* = C, X = {±}, uj{-^) = ±1. One may then 
picture edges labelled + as arrows going up or right and edges labelled — as arrows 
going down or left. The condition f l2.30p is the ice rule, saying that each vertex 
has two incoming and two outgoing edges. In the left part of Figure O we give an 
example with m = 3 and n = 2. 



- 


^ 1 - 


^ 2 ^ 


' 1 


< 

-1, 


^ - 


< 

. 1 > 


— 

. 2 


— *— 

- 


> 

^ 1 > 


' > 


< 

. 1 



1 > 

^ ' 


1 > 1 

^ 1 > 


1 < 1 

* 2 ^ 




' > 


. 1 > 
1 > 1 



Figure 2. Vertex and face picture of a state. 



To obtain a statistical model we must specify a weight function on the states. 
To this end, we fix parameters Wi, . . . , Wm, zi, . . . , Zn & 'C'^ and A G f)*. Consider 
the vertex at the intersection of the z:th horizontal line from the top with the 
j:th vertical line from the left. If the ambient labelling is as in Figure [H then 
this vertex is assigned weight R^aci.^ ~ (^^Wj/zi). The weight of a state is then the 
product of the weights of all vertices. As an example, the state in Figure 1 has 
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weight 

RXzi\,wi/zi)RXzi\ - l,W2/z,)R-ti\ - 2,W3/zi) 

X RXXi>^ + l,wi/z2)Rt+iX,W2/z2)RXziX - 1,^3/^2). 

We have described the model as a vertex model. In the physics literature, an 
alternative description as a face model is more common. This corresponds to 
passing to the dual lattice, interchanging the roles of vertices and faces. In this 
process, horizontal edges become vertical and vice versa. The face labels end up at 
vertices, but we move each one to its neighbouring face in the south-east direction. 
Labels along the east and south boundary are lost, but these do not enter in the 
partition functions, and can in any case be recovered from the edge labelling. In 
this dual picture, the Boltzmann weights correspond to interaction round a face 
rather than a vertex, see the right part of Figures [1] and [2] (in Figure [21 arrows 
have been rotated 90° clockwise). 

We will now consider the model with arbitrary fixed boundary conditions. Given 
a, 6 G X"^, c,d E X", suppose the boundary edges are labelled as in Figure [31 We 
may then introduce the partition function 

Z^f(A;w;z)= ^ weight (state). (2.31) 

states with 
fixed boundary 

We claim that this definition agrees with fl2.28p . To see why, we use (I2.19ap on a 
decomposition 

{Lab{w),L^{z)) = {La'b'{w')La»h"{w"),Lcd{z)) 

(where w = {w', w") and so on), obtaining the relation 

Zl^(A; w-z)=J2 Zllik w'; z)Z';,t{X - co{b')- w"; z) 

where Z is as in fl2.28p . Similarly, fl2.19bl) gives 

Zli{\- w;z)=Y, w; z')Z:S{\ - co{c'y, w; z"). 

It is clear that the partition function defined in (12. 310 satisfies the same rela- 
tions, corresponding to a vertical or horizontal splitting of the lattice. Thus, the 
equivalence of the two definitions follows by induction on m and n. 

3. Felder's elliptic quantum group 

3.1. Felder's quantum group as an f)-Hopf algebroid. We will study a par- 
ticular fi-Hopf algebroid, with f)* = C, constructed from the i?-matrix of the 
8VS0S model [B]. The corresponding quantum group was introduced by Felder 
jF] on the level of its representations, and further studied by Felder and Varchenko 
|FVlj . before it was included in the f)-Hopf algebroid framework of Etingof and 
Varchenko [EVT] . 
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Cl 



ai 



di 



Figure 3. Fixed boundary conditions. 



Let p and q be fixed parameters, with |p| < 1 and q ^ 0- We fix a choice of log q 
and write q^ = e^^°^'^ for A G C. Compared to the conventions of many authors, 
we replace by q. 

We will use the notation 

oo 
j=0 

9{Xi, . . . ,x„) = 9{xi) ■ ■■9{xn), 
{x)k = eix)eiqx)---e{q'-'x), 

{Xi, . . . , Xn)k = (a^l)fc ■ ■ ■ {Xn)k, 

for theta functions and elliptic Pochhammer symbols. We will freely use elemen- 
tary identities such as 

{x)k = {-l)'q(^'^x\q'-'/x)k, 

see [GRl §11.2]. 

Let [)* = C, X = {±}, and uj{±) = ±1. We will often identify ±1 = ±. Then, 
/Rtt \ /l 0\ 



R{X,z) 





Rt 
\ 





RzX 

RZZj 



a{X,z) b{\,z) 
c{\,z) dlx,z) 
\0 1/ 



where 



a(A, z) 



c{X,z) 



9{z,q 



\+2\ 



9{qz,q^+^y 
9{q,q^+h) 



b{X,z) 



d{X, z) 



9{q,q~^~^z) 
9{qz,q-^-^y 
9iz,q'') 



9{qz,q^+^y ' ' ' 9{qz,q~^~^y 

satisfies the QDYB equation fl2.14p and the unitarity relation fl2.15p . 

Applying the FRST construction of §2.3[ one obtains an f)-bialgebroid A. The 
generators will be denoted 

a(z)=L++(z), (5{z) = L+^{z), ^{z) = L^+{z), 5{z) = L^^{z). 
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In analogy with f l2.27p . we use notation such as 

We refer to |KNR] for an exphcit hst of relations, noting only that 

Lab{z)Lab{w) = Lab{w)Lab{z), a,be {±}, (3.1) 

and that 

'-y(w)a{z) = a(A, z/w)a{z)j{w) + 6(A, z/w)'y{z)a{w), (3.2a) 

a{w)'y{z) = c(A, z/w)a{z)'y{w) + d{X, z/w)'y{z)a{w). (3.2b) 

The f)-bialgebroid A can be extended to an f)-Hopf algebroid, which we denote 
S. To define it, let 

det(;^) = lj^{a{z)6{qz)-^{z)f3{qz)), 

where 

F(A)=g-t%^+i). (3.3) 

Then, £ is obtained from A by adjoining the inverses det^^(2;), which are required 
to be central elements with A(det~"'^(z)) = det~"'^(2;) ® det' 
and defining the antipode by S'(det~^(2;)) = det(z), 

S{a{z)) = ^^det-\q-h)5{q-h), 
Sim) = -Y^^det-\q-h)^{q-h), 
Siliz)) = -^^det-\q-'zh{q-'z), 
S{6{z)) = ^^det-\q-'z)a{q-'z). 

3.2. Singular cobraiding. Since R{X,z) is singular aX z = q^^, Proposition 12.51 
cannot be applied, so A does not strictly speaking have a unitary cobraiding. An 
apparent solution to this problem is to use instead of (12.241) the definition 

{Labiw),L^{z)),eg = 9iqw/z)Rli{X,w/z)T_^(^a)-Lo{c)- 

This gives a bona fide cobraiding (-, ■)i.eg on A, which satisfies a modified unitarity 
axiom, see ^ . However, trying to extend this cobraiding to the f)-Hopf algebroid 
£, singularities reappear. We prefer to stick to the definition (I2.24p . which leads 
to a singular cobraiding, defined on a subspace of A x A. Explicitly, the singular 
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cobraiding is defined on the generators by 

f{a{w),a{z)) {a{w),l3{z)) («(«;), 7(2;)) {a{w),5{z))\ 

{^{w),a{z)) (/3H,/3(^)) (/3H,7(^)) {fi{w),6{z)) 

{j{w),a{z)) {j{w),^{z)) {j{w),^{z)) {^{w),6{z)) 

\{S{w),a{z)) (5H,/3(^)) (5H,7(^)) (^H,^^)/ 

/ T_2 a{X,w/z)To\ 

b{X,w/z)To 

c{X,w/z)To 

\d{\,w/z)To T2 J 



(3.4) 



The cobraiding axioms then give a meaning to expressions of the form 

where Wi/zj ^ p^q^^ for all i, j. As long as we restrict to the subspace spanned 
by such expressions, the properties of unitary cobraidings discussed in §2 .51 remain 
valid. 

In |KoN] . the singular cobraiding was extended to by defining 

(L.,(^),det-^(;.)) = 5,,g-|ll!^^T_,, 

U[w/qz) 

{det-\w),Lat{z)) = 5abq"'^^-^r^T^a, 

t)[w/z) 

(det-'(u-).det-'(.))=,». 

It is easy to see that, for generic spectral parameters, the cobraiding and unitarity 
axioms remain valid. The following result is then easily proved by induction. 

Lemma 3.1. For generic {x,w,y,z) e x (C'')' x (C'')™ x (C^)", 



l<j<fc, l<j<m 



n 



6{qXi/zj] 



n 



S{qxi/yj) 
{Lab{x)Xcd{z)). 



Oixi/zj) 6(wi/qyi) 

l<i<k,l<j<n ^ ' J' l<i<l,l<j<m ^ ^l^^d) 

The existence of the antipode is related to the following symmetry, which in 
physical terms is the crossing symmetry for the partition function. Here and 
below, we write 



\x\ 



Xi H VXr, 



X e {±r = {±iy 
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Lemma 3.2. For {w,z) G (C^)" x (C^)" genenc, a,b e {i}" andc,de {±}", 

9{zi/wj) 



X 



-Ml' 

-t I /V — u,i — ■ ■ ■ — Ui — iLii ; 

TOt/i F as in (13. 3 p and where we write (xi, . . . , = (a;„, . . . , xi) . 

Proof. Let x = Lcd{z) and ?/ = Labiw) in Proposition 12.61 It is straight-forward to 
check that 



F(A + + ■ ■ ■ + 6„) 

X det~^(g^"'^z)L_ftop _aop(g~^2;). (3.5) 

Using also Lemma [3. II one arrives at the desired result. □ 

Finally, we mention the following useful algebra symmetries. 

Proposition 3.3. There exists an algebra antiautomorphism (p of £ defined on the 
generators by 0(/(A)) = /(-A - 2), 0(/(/i)) = /(-/i - 2), <P{La,{z)) = K,{z-^), 
0(det "^(z)) = det ^{q^^z^^). It satisfies (j) o S = o (j) , 

(0 (g) 0) o A = A o 0, 0^1) o £ o = £, (3.6) 

(x,i/)=0^H(0(l/),0W)), (3.7) 
where (f)^*^ is the algebra antiautomorphism of D^j defined by (j)^^{f{X)) = /(—A — 
2), 0^''(Tq,) = Tq. Moreover, there exists an algebra automorphism ip of S de- 
fined by ij{fi\)) = /(-A - 2), V'(/(/x)) = /(-/i - 2), V^(L,,(z)) = L.^M^), 
ip {det ^(2;)) = det ^{z). It satisfies S o ^ = ip o S , 

(■?/) (g) ^/i) o A = A o ■?/), ?/;^" o e oip = e, 

{x,y)=^''^{{iP{x),^{y))), (3.8) 
where ip^^ is the algebra automorphism of Df, defined by ip^^^f^X)) = /(—A — 2), 

Proposition 13.31 can be proved in a straight-forward manner. The most tedious 
part is to verify that, in order to prove (13. 7p and (13. Sp . it is enough to check them 
for a set of generators. In the Appendix, this is done in a systematic way. 

Note that 0o0 = ?/)O'?/; = id and tp o (p = cp o ip . If we write x* = ip{(p{x)) = 
0(V^(x)), then 

{x,y) = S''^{{y*,x*)), (3.9) 

where S^'^ = ip^^ o (p^'^ is as in (12. 5p . The C-linear involution * is a slight modifi- 
cation of the C-antilinear involution used in [KNRj . 
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3.3. Elementary properties of the cobraiding. We conclude §3.11 with some 
useful identities involving the singular cobraiding on Felder's quantum group £. 

Lemma 3.4. For generic {w,z) G (C^)™ x (C^)", 

{d{w),d{z)) = T^n-m, (3.10a) 

^™ l<i<m,l<j<n 

Proof. To prove f l3.10ap . we use f l2.19ap to write 

5(2;)) = ^ L+biz))Tib\ {d{w2, . . . , Wm), Lb+iz)). 

f)G{±}" 

By f l2.22p . only the term with 61 = ■ ■ ■ = 6„ = + is non-zero, so 

{d{w),d{z)) = {a{wi),d{z))Tn{d{w2, . . . ,Wm), d{z)) . 

By induction on m, this reduces the proof of (]3.10ap to the case m = 1. In that 
special case, we similarly use ( 12.19bp to write 

{a{w), d{z)) = {a{w), a(zi))Ti • ■ ■ Ti{a{w), a{zn)) = T_„_i. 

The identity ( I3.10bp now follows using Lemma 13.21 □ 



Lemma 3.5. For a E {i}", x E £ and generic {w,z) E (C^)™ x (C^)", 

(«Hx,L_.(z))= n T_^(x,L„.(.)), (3.11a) 

l<i<m, l<j<n / J / \ -I 

(L+a(z),Xa(t(7)) = {L+a{z),x)T_rn, (3.11b) 

Proof. Similarly as in the proof of f l3.10ap . 

{d{w)x,L_aiz)) = ^ {d{w),L_biz))Tm{x,Lbaiz)) 
6e{±}" 

= {d{w),6{z))T^n{x,L_a{z)). 

Thus, ( 13.11ap follows from ( I3.10bp . The other statements are proved similarly. □ 
Proposition 3.6. For a,b,c,d E {±}" and generic z E (C^)", 

{Lab{z),Lcd{z)) = 6adSbcT-\a\-\c\- 
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Proof. We proceed by induction over n. The case n = 1 follows from ( 13. 4p . Writing 
a = (ai, . . . , a„_i) for a G C", fl2.19l) gives 

x,ye{±}" 

X T\x\{Ly„b„{Zn), L~^{z))Ty^{La„y„{Zn) , Lx„d„{Zn))- 

By the induction hypothesis, all terms vanish except those with y = x, and the 
expression simplifies to 

^bc^a„d„T-\c\ Y, {^dx{z),Lc„^^{Zn))T\x\{L^^^i,^X^ri),L^^{z))T_a„ 
x&{±}^ 

= ^bc^andnT-\c\ Y W^^')Tu^i2iu)+uJi2{v){u",v")T.a„, 
{u)(v) 

where u = Lc„bn{^n), v = L^^{z). Applying the unitarity axiom (12.231) completes 
the proof. □ 

The following corollary will be extremely useful. 

Corollary 3.7. For a,c e {±}™, b,d e {±}", and {w,z) G (C^)'" x (C^)" 
generic, 

{L+a{w)L+b{z)Xd+{z)Lc+{w)) = {Lca{w), Ldb{z))T^m^n- (3.12) 

Proof. Straight-forward expansion using fl2.19p gives 

{L+a{w)L+b{z), Ld+{z)Lc+{w)) 

Y {Lfa{w),Ldg{z))T\f\{L+f{w),Lce{w)) 
eje{±}'^,g,he{±}" 

^ T\e\+\g\{Lhb{z),Lg+{z))T\h\{L+h{z),Le+{w)). 
By Proposition 13.61 the only non- vanishing term in the sum is 

(Lca(w), Ldb{z))T\^\ {L+ciw), Lc+{w))Tm+n{L+b{z), Lb+{z))Tn{L+^{z), L++{w)) 

= {Lca{w), Ldb{z))T_rn-n, 

where we also used (13.1 Oap . □ 

In terms of the 8VS0S model, the right-hand side of (I3.12p gives the partition 
function on a rectangular lattice, with arbitrary fixed boundary conditions, while 
the left-hand side gives the partition function on a square lattice, with the east 
and south boundary fixed as domain walls (see 
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4. Embedded corepresentations 

Fixing a non- negative integer A^, we identify subsets S C [N] = {1, . . . , N} with 
elements of {±}^ through 



Si 



+, ie S, 
I is. 

For S C [A^] and z G (C^)^, we introduce the elements 

es{z) = ^{zs<^)a{zs), Es{z) = Ls+{z). 
Here, we use notation such as d{zs) = Ylies ^^(^i)) which is well-defined in view of 

Lemma 4.1. For generic z G (C^)^, 

sp^T^f€M,,,sc[N]Mf)es{z)} = spanf^^j^^^sc[N]{f^iU')Es{z)}. (4.1) 

Proof. Iterating the commutation relations (13.21) will expand es as a sum of the 
Ex, with coefficients in fii{Mt^*). Though (13. 2p is not applicable when qz/w G p^, 
that obstruction does not arise for generic z. Conversely, iterating (I3.2ap in the 
form 

a{z)-f{w) = — — —-^{w)a{z) - — — —-f{z)a{w) 
a[A,z/w) a[A,z/w) 

will expand Eg as a sum of the ct, as long as z is generic. □ 

Remark 4.2. If S* = {si < ■ ■ ■ < Sm} and T = {ti < • ■ ■ < t^}, write 
5 < T if Sj < tj for all i. It is then easy to check that, for generic z, Es G 
spanjgM^.,T>5{/^K/)eT(2:)}, es G span^^^^^. r>5{/^;(/)^T(2)}. 

We denote by V{z) the space (14. ip . viewed as an f)-space with scalar multipli- 
cation fv = fii{f)v and grading corresponding to the left grading in £, that is, 
es{z), Es{z) G V2\s\~n{z). Since 

/^{Es{z)) = J2 ^st{z) ® Et{z), (4.2) 

TC[N] 

A|y(2) is a corepresentation of £. 

Next, we introduce the dual elements 

fs{z) = a{zs)^{zs^), Fs{z) = L+s{z). 
Similarly as in Lemma [4.1^ one can show that, for generic 2;, 

SpanygM,,,5C[7V]{/^r(/)/s(2;)} = ^V^'^f(iM^,,,SQ[N]{^^r{f)Fs{z)}. 

This space will be denoted W{z). 
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Proposition 4.3. For generic z G (C^)^, 

{Ft{z),Es{z)) =5sTT.2m. 

{fT{z),es{z)) = 6sTAs,.T.2m, (4.3) 

where m = \S\ and where 

Proof. The first identity is a special case of Proposition 13.61 

As for (14. 3p . we first note that fl2.22l) imphes that (/^■(z), es(z)) vanishes unless 
15*1 = |T|. Using first fl3.11bp and then f l3.11al) . we may pull out all factors involving 



a. This leads to an expression containing the factor HieT jeS'^ which 
vanishes unless T (1 S. Thus, we may assume T = S", in which case we obtain 

{fs{z),esiz)) = As,zT-m{(3izsc),^{zs<^))T_m, 
where, by Proposition 13. 6[ (/3(2;sc), 7(250)) = 1. □ 

Corollary 4.4. For generic z G (C^)^, {es{z))sc[N] o.nd {Es{z))scin] ^^re bases 
for the space V{z) over M(,. . In particular, dimM^^, ^{^) = 2^. Moreover, any 
X G V{z) can be written 

x=Y, tiii{Fs,x)l)Esiz)= tiiiA-^Afs,x)l)esiz). 

SC[N] SC[N] 

Similarly, any x G W{z) can be written 

x= J2 l^r{{x,Es)l)Fs{z)= J2 l^r{As^A^,es)l)fs{z). 

SQN] SQN] 

Proof. Any x G V{z) can be written x = Yls ^sWEs{z), for some Cs G M(,*. 
Proposition 14.31 then gives Cs = {Fs,x)l. In particular, the expansion is unique, 
so {Es{z))sc[N] form a basis. Similar arguments apply for the other cases. □ 

Since Es{z) form a basis of V{z), f l4.2p exhibits Lst{z) as a matrix element of 
that corepresentation. By fl2.1ip . the fact that the matrix elements factor means 
that 

V{z)^V{zi)%---%V{zn) (4.5) 

as corepresentations. 

We conclude with two results that will be needed later. 

Lemma 4.5. For {w,z) G (C^)" x (C^)^ generic, u G W{z), v G V{z) and 
a,b,c,de {±}'', 

{Lab{w)u, Lcd{w)v) = 5ad5bcT-\b\{u,v)T_la\, 
{uLabiw),vL^{w)) = 5ad5bc{u,v)T^\a\-\b\- 



22 



HJALMAR ROSENGREN 



Proof. We may choose u = f{fi)L+^{z) and v = g{\)Ly^{z). The result then 
follows from Proposition I3.6[ 

Lemma 4.6. For generic z E (C^)^, 



A(a(^)) = Yl 



SC[N] 



A(7(^)) = E 



SC[N] 



d{zs)(3{zsc) '»j{zs<^)a{zs) 



l{zs)S{zsc) ® j{zs'^)d{zs) 



□ 

(4.6) 
(4.7) 



where Ag^^ is as in (14. 4p and we write f{p) = f{fi) 1 = 1 /(A). 
Proof. By (jM]) and Corollary g31 

A{a{z)) = J2 ^s{z) ® Es{z) = J] ^^(z) ® /iKA?i(/T, i?5)l)eT(^) 

= Yl Pr{A^AfT,Es)l)Fsiz)^eTiz)= Y Pr{A:^!z)fTi^)^eTiz), 

S,TC[N] TC[N] 

which is (14. 6p . 

It is clear from the defining relations that rj{f{jj)) = /(/i), ri{a{z)) = 7(2), 
r]{(3{z)) = 6{z) extends to an algebra isomorphism (though not an fi-algebra iso- 
morphism) between subalgebras of It is easy to check that (77 ® id) o A = Aorj. 
Applying 17 (g) id to (14. 6 p then gives (14. 7p . 

5. Elliptic weight functions 



□ 



In contrast to the pairings between a and 6 considered in Lemma [3^ the pairing 
{P{w),^{z)) is not given by an elementary product. By the discussion in §2.7^ it 
can be identified with the partition function of the 8VS0S model with domain 
wall boundary conditions, see Figure HI It is also a special case of the elliptic 
weight functions introduced in [TV], see further |FTVll IFTV21 lFV2l[MV] . 




Figure 4. Domain wall boundary conditions. 



The following identity is essentially obtained in [TV], although neither the co- 
braiding nor the relation to the domain wall partition function are discussed there. 
Below, we give a simple proof using properties of the cobraiding. For the same 
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identity in the context of the 8VS0S model, see [PRSl IR4] . In |R4] . we also ob- 
tained an alternative expression, analogous to the Izergin-Korepin determinant 
for the six-vertex model. 

Proposition 5.1. For generic {w,z) E (C^)" x (C^)", 
where 

Note that z; a) has poles only at qwi/zj G p^; the singularities at Zi/zj G 
cancel in the symmetrization. 

Proof. We write 0{w),^{z)) = 0{ws)P{ws<=)-,'^{z)) for 5" C [n]. Applying first 
d^TTU]) and (gZD, then (ISTTbj) and fIXTTa . we obtain 



0{w),^{z)) = ^ {l3{ws),iizT)6{zTc))T2m-nAT^^{l3{wsc),i{zTc)d{zTc)) 
TC[n], \T\=m 

^{WilZj) -p-r e{qzi/zj) 



TC[n],|T|=m ieSjeT'^ ^'i'^Tj&T'^ ^' 



X (/3(u;s),7(2:t))T„(/3K0,7(^t0)^- 

where m = IS"]. 

This is amenable to iteration. For [n] = 5*1 U ■ ■ ■ U Sjq (disjoint union), 

(^»..»>^ E n ( n lei!) n t)| 

[n]=TiU-UTjv \<k<l<N \i£Sk,j(^T, J' ien,j&Ti ^ 1' 

\T,\ = \S,\,l<i<N 

n 

X X{{P{ws,)M^T,m + T^,-J,\S,\). (5.2) 
i=i 

Consider the case N = n, Sj = {j}. Then, Tj = {cr(j)} for some a G Sn, so that 
{/3{wSj),'j{zTj)) = b{\,Wj/za{j))- This yields the desired identity. □ 

Since it may have some independent interest, we rewrite (15. 2 p in terms of 
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Corollciry 5.2. For any decomposition [n] = S'l U • • • U Sn, 

[n]=riU---UTjv l<k<l<N 
\Ti\ = \Si\,l<i<N 

Choosing x = f3{w) and y = j{z) in (13. 8p gives 

(/3H,7W)(A) = (7H,/3(^))(-A-2). 
This proves the following fact. 
Corollary 5.3. For generic w,z E (C^)*^, 

The function $ has some symmetries, which can be explained in terms of sym- 
metries of the algebra £. 

Corollary 5.4. The function $ satisfies 

z] a) = ^{z^^; w'^; a) 

where we use the notation z~^ = (zf^ . . . , z~^). 
Proof. Choosing x = f3{w) and y = 7(2) in ( 13. 9p gives 

(/3M,7W)(A) = (/3V^),7(^-i))(A). 

This shows the equality between the first and second member. The equality of 
the first and third member is a special case of Lemma 13.21 Alternatively, it can 
be obtained from (15.11) . replacing a{i) by a{n + 1 — i) and wt by Wn+i-i- The last 
equality follows by combining the other two. □ 

If we specialize w; or z to a geometric progression, $ factors. 



n 



9{wi/zj) 



n 



9{qZi/zj 



.e5.,.,.T, ^(^^^Z^^-) ^J:,^T,, ^(^^/^^-^ 
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Lemma 5.5. One has 

z\ a) 



^ ^ ^(g)"^ e{q^uj/zj) 



Proof. By symmetry, to prove the first identity we may put Zj = q'^~^C in flS.ip . 
Then, the sum reduces to the single term with cr = id. The second identity follows 
using Corollary 15 .41 □ 

The function $ appears in the following commutation relations. 
Lemma 5.6. Let S C [A^] with \S\ = m. Then, for generic z G (C^)^, 

"(^5)7(^5-)= Cs,T,zW^i^T-)a{zT), (5.3) 

TC[N],\T\=m 

where 

with n = \S \ T\ = \T \ S\. In the same notation, 

/3izsc)a{zs) = Yl Ds,TMa{zT)AzT^). (5-4) 

TC[Af], |r|=m 

where 

_ 9iqnq^+'-^)m yr OjqzJ z,) 

Proof. Choosing x = d{zs)j{zs':) in Corollary 14.41 gives 

d{zs)^{zsc) =Yfii (A:p^^{d{zT)(3{zTc),a{zs)^{zsc))l) ^{zTc)d{zT). (5.5) 



TCN 

By Lemma 14.51 Corollary 13.71 and Corollary 15. 3[ 

{d{zT)(3{zT-), d{zs)^{zso)) 

= {d{zsnT)a{zT\s)l3izs\T)l3izscnT-),a{zsnT)a{zs\T)^izT\s)lizscnT-)) 
= T-isnT\{a{zT\s)l3izs\T),d{zs\T)7{zT\s))T^\snT\ 

= T^\snT\{7{zT\s), f3{zs\T))T-.\suT\ 
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Plugging this into (15. 5p yields (15. 3p . The identity (15. 4p can be proved similarly, or 
be derived from (15. 3 p by applying S* o ^, with ip as in Proposition 13.31 □ 

6. Generalized elliptic Gj-symbols 

6.1. Definition and main properties. In ^ we observed that Es{z) form a 
basis for the corepresentation V{z)^ and that Lst{z) are the corresponding matrix 
elements. As we have seen in §2.6H2.7l the cobraidings (Lsriw), Luv{z)) give a 
dynamical i?-matrix, which can be identified with the partition function for the 
8VS0S model with fixed boundary conditions. 

We are interested in the dynamical i?-matrix corresponding to the alternative 
basis es{z). For generic z G (C^)^, define matrix elements Mst{z) by 

A{esiz)) = MsT {z)^eT{z). (6.1) 

TC[N] 

For generic {w,z) G (C^)*^ x (C^)^, we then write 

{Mst{w), Muviz)) = w; z) Tm+n-2\s\-2\uv (6.2) 

We will refer to TQj generalized Qj -symbol. Note that it vanishes unless 
1^1 + |f/| = |r| + By ^TM) and (03]), 7^^^ is a matrix element of the natural 
intertwiner between the corepresentations (II. 2p . 

Although it is initially defined for generic values of (w, 2), 7?.^^ extends to non- 
generic values by analytic continuation, and we are particularly interested in such 
degenerations. For instance, when Wj = q^~^uj and Zj = q^~^C, it reduces to the 
elliptic 6j-symbols of Date et al. [D]. To understand this, let V7v(C) denote the 
right-hand side of (14. ip for Zi = q^~^C- Using that ■j{z)a{qz) = a{z)'j{qz), one 
finds that dim VW(C) = + 1. A basis for Vn{0 is (wf (C))f=o. where v^{C) = 
£'[Ar_s+i,Ar](z) = e[N-s+i,N]{z) . One can then introduce matrix elements M^{() by 

N 

A(^f(c)) = E^^i^(o®^f(c). 

In |KoN] ■ the pairing {M^{u), M^^{()) was expressed as an elliptic hypergeometric 
function, which can be identified with an elliptic 6j-symbol. We will find analo- 
gous formulas for the more general pairing (Msriw), Muvi^))- Our approach is 
different from that of |KoN] ; in particular, we do not need any explicit expression 
for the matrix elements. Instead, we make a more efficient use of formal properties 
of the cobraiding. 

As was explained in §2.6^ the symbol ^Z'^^ satisfies versions of the QDYB equa- 
tion and the unitarity relation. It seems worth stating these fundamental proper- 
ties explicitly. 
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Proposition 6.1. For u E (C^)^, w E (C^)*^ z E (C^)^, Q,RC [L], S,T C 
[M] and U,VC [N] with \Q\ + \S\ + \U\ = \R\ + \T\ + \V\, 

J2 T^Rri^ + N- 2\V\;u, w) 7^^y(A; u, z) 7^^^(A + L - 2|Q|; z) 



^C[L],yc[Af],ZC[Ar] 

|x|+|rj=|R|+|r| 
iyH-|z|=|5|+|i/i 



^, z) nl%{\ + M - 2|r u, z) nfy{\- u, w). 



XC[L],YC[M],ZC[N] 
\X\ + \Y\ = \Q\ + \S\ 
\Y\ + \Z\ = \T\ + \V\ 

Moreover, forw E (C^)*^ z E (C^)^, S,T C [M] andU,V C [N] with \S\ + \U\ = 
\T\ + \V\, 

J2 n^^iX;w,z)nrxiX;z,w)=6sTSuv. (6.3) 

XC[M],YC[N] 
\X\ + \Y\ = \S\ + \U\ 

6.2. An explicit formula and further properties. Our first main result is the 
following expression for generalized 6j-symbols. 

Theorem 6.2. One has 



( \+2+M+N~2L 



\Y\-\X\=L-M 

9{qwi/wj) Yj 9{qzi/zj) yj 9{qzi/zj] 

X 



n uyqWi/Wj) -|-r uyqzj/Zj) -|-|- 



X 



Oiwi/wj) Oizi/zj) 6(zi/zj) 

iGS''\x,jex ^ " ^' igyvyjey: ^ ' ■'^ i&,j£U\Y ^ " ^' 

yr d{qZ,Jw,) yr Q{w,l Z,) (6-4) 

J- J- dizjw.) -I- -I- eiqwi/z.) 



TT 0{qWi/Zj) yr e{qWi/Zj) 



-A+|T|-|X| 



L=|S| + |t/| = |r| + |V^|. (6.5) 



Before proving Theorem I6.2[ we discuss some interesting consequences. First of 
all, using also Corollary 15. 4[ it is straight-forward to deduce the following symme- 
tries. 
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Corollary 6.3. In the notation above, 

nll{\- w; z) = nl7sl{\ + M + N -2L;z-^; w'^] 
GuA^ + N- 2\U\)GsA^ + M + N-2L) 



n^:i.:{-X-2;z~';w-') 



G't,^(A + M - 2|T|)Gv',^(A + M + N-2L) 

n^vi->^-2 + 2L-M-N:w:z) 



G't/,.(A + N- 2\U\)GsA>^ + M + N-2L) 
Gt,U^ + M - 2\T\)Gv,z{X + M + N - 2L) 



where 

e{zi/z,) (6.6) 



X 



n 



One can give a more instructive proof of Corollary 16.31 using the algebra sym- 
metries of Proposition 13.31 For instance, one has 



6izs')0{z-s}) = Ms.,^{z-': 



where the second equality follows from Lemma 14.61 Applying A to this equality, 
using fl2.10p and (* (g) *) o A = A o *, gives Msriz)* = Msct'^{z'^). Choosing x = 
Msriw) and y = Muy{z) in (13. 9p then yields the first equality in Proposition 16. 3[ 
Similarly, it follows from (I6.10p below that 

{c^oS){Mst{z)) = I 2 t ^ I 2|t|) ^^-\--')MtM<1z-')- 

(Here and in several places below, the letter S is used both for the antipode and 
for a set; we hope this will not confuse the reader.) Then, the identity 

{Mst{w), Muv{z)) = (((0 o S){Muv{z)), (0 o S){Mst{w)))) 

leads to the equality of the first and third member (for the computation, one needs 
Lemma (13.10 ). The remaining symmetry follows by combining the other two. 
In special situations, the expression ( 16. 4p simplifies. 

Corollary 6.4. // any one of the four conditions \V\ < IS* \ T\, \U\ < \T \ S\, 

\S'^\ < \U \ V\ or \T'^\ < \V \U\ holds, then Ti^u vanishes identically. If either 
\V\ = \S\ T\, \U\ = \T\ S\, = \U\V\ or |T^| = \V \ U\, then 11^ is given 
by an elementary factor times a product of two elliptic weight functions. Finally, 
if either S^ = ^,T'^ = ^,U = ^orV = ^, then TZ^^ is given by an elementary 
factor times a single elliptic weight function. 

Proof With X and Y as in 

n r\ > \x\ = \Y\ + - \u\ > \s^\ - \u\, 
\unv\> \Y\ = \u\ - + |x| > \u\ - \s^\. 
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Thus, if |[/| < \T\S\ or |^^| < |[/\V^|, the sum is empty. Since \S\ + \U\ = \T\ + \V\, 
the remaining part of the first statement follows. By the same argument, if any 
one of the eight equalities stated hold, the sum has only one term. □ 

As an example, to be used later, 

wj»(A;u,.)=%)i-i n tPPv n Tpr4 n 

0(wi Zj) J-i e(wi wA J-i e(qwi Zj) 



l'„A+2+Af+Af-2|T|\ 



(6.7) 



if S" C T with |r \ S"! = |?7|, and vanishes else. 
Finally, the following fact is needed in §7.31 

Corollary 6.5. Suppose there exists & T x T"^ with Wj = qw-i. Then, either 

& S X S'^ or 1Z^]^{X]W] z) vanishes identically. Similarly, if {i,j) E V x 
and Zj = qzi, then either {i,j) E U x If^ or7l^^{X;w;z) vanishes. 

Proof. Consider the expression (16. 4p . In the first situation, if j E T'^\X then the 
factor YlieT j€T':\x (^{I'^il'^j) vanishes. Thus, we may assume j G X; in particular, 
i G S''. Then, ii i E S''\X the factor nies<=\xjex ^i.l'^il'^j) vanishes. Thus, non- 
vanishing terms exist only when i E S {i E X would contradict i E T) and j E 5"^. 
The proof of the second statement is similar. □ 

6.3. Proof of Theorem l6.2i The key to the proof of Theorem[6]2]is the following 
result. 

Proposition 6.6. Let {w,z) E (C^)^^ x (C^)^ be generic, and let a E W{w), 
b E W{z), c E V{z) and d E V{w). Then, 

{ab, cd) = ^ {d', c')T^j2(c)+^i2(d)(a, d")TM{b, c")T_m- (6.8) 

{c)(d) 

Proof. We may choose a = f{fi)FT{w), b = g{fi)Fv{z), c = h{X)Eu{z), d = 
k{X)Es{w), where f,g, h,k E M(,*. It is easy to check that the functions /, g, h, 
k cancel from both sides of (16. 8p . and we are reduced to proving 

{L+Tiw)L+viz),Lu+iz)Ls+iw)) = ^ {Lsxiw), LuYiz))Tix\+\Y\ 

XC[M],YQ[N] 

X {L+t{w),Lx+{w))Tm{L+v{z), Ly+{z))T^m- 

By Proposition 13. 6[ the right-hand side equals {Lst{w), Luv{z))T^m~n- Thus, 
the result follows from Corollary 13.71 □ 



The following result is a transformed version of Corollary 13. 7[ where basis vectors 
of the form Es and Fs have been replaced by es and fs- Just as for Corollary 13. 7[ 
the right-hand side is a partition function for a square with two domain walls. 
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Corollciry 6.7. In the notation above, 



At,MAv,^{\ + M-2\T\) 

X {d{wT)l3{wT<^)a{zv)l3{zvc),^{zu<^)d{zu)^{wsc)a{ws))l. 

Proof. Choose a = /r(w), b = fv{z), c = eu{z) and d = es{w) in Lemma 
Using fl4.3l) . we obtain 

{fTiw)fviz),euiz)esiw)) 

\X\+2\Y\-AI-N 

XC[M],YC[N] 

X {friw), exiw))TM{fv{z), eY{z))T_M 

= {Mst{w), Mjjv{z))T2\t\+2\V\~M-nAt,wTm-2\T\Av,zT-M~2\V\j 

which gives the desired result after simphfication. □ 

Proof of Theorem 16.21 In Corollary 16 .71 apply (15.41) to the factor l3{wT<:)a{zv) and 
(15.31) to the factor q.{zu)i{ws<^)- Each resulting term is of the form (14. Sp . with z 
replaced by The only non- vanishing terms are those where (i{wT<^)d{zv) 

is replaced (up to a multiplier) by d{wT<^\XT zy)P{wxt zv\y) and simultaneously 
d{zu)'^{ws<^) by "^{wx, zu\Y)d{wsc\x, zy), for some X C S'^ H T'^, Y C U nV. All 
in all, this gives 

xcs''nT'',Ycunv ^^-^k J v,z\ \ \j 

\Y\-\X\=L-M 

X C'(0,(7),(5=\X,Y),(u>sc,^j,)(A + N - |f/|)D(0,v),{T=\X,Y),{«;T=,^v)('^ ~ I^D' 

which yields (16. 4p after simplification. □ 

6.4. Asymmetric identities. We have seen that (16. 4 p displays all symmetries 
of generalized 6j-symbols given in Corollary 16.31 From the viewpoint of special 
functions, it is interesting to obtain less symmetric expressions, since symmetries 
then correspond to non-trivial transformation formulas. 

Recall the symmetry defined in Proposition 13.31 Clearly, (p restricts to an 
[)-space isomorphism V{z~^) — )■ V{z). In particular, 

^{es{z-')) = d{zsmzs^), S C [N], 

form a basis for V{z). Similarly, 

<j>{fs{z-')) = P{zs^)d{zs), SC[N], 

form a basis of W{z). 

The following lemma can be proved similarly as (14. 3p . 



FELDER'S ELLIPTIC QUANTUM GROUP 31 

Lemma 6.8. For generic z G (C^)^, 

(0(/T(^-^)),0(e5(z^'))) = 5sTBs,.T.2m. 

where m = \S\ and where 



The following result is then obtained similarly as Corollary |6T 

Lemma 6.9. Let {w,z) G (C^)^^ x (C^)^ he generic. Then, for S,T C [M] and 

U,VC[N], 

{<P{Mst{w-')),Muv{z)) 

^ {<PifTiw-'))fviz), eu{z)<P{es{w-')))TM+N. 



BtA>^)Av,M + M-2\T\) 

We need to relate the action of and S", first on basis vectors and then on 
matrix elements. 



Lemma 6.10. One has 

S{es{z)) = (-1)^1-3^^ Gs,.(/x)det-i(g-iz)0(M05c(g^-^)), 

where G is as in ( \6.6\\ . 

Proof. Using fl3.5p . we can write 

S{esiz)) = (_l)A^->n iij-l V/^ KJ^ J) 



n;=ii^(A+j-i) 

X det-\q-h)5{q'^zs)i{q~^zsc) 
= ( ^^N~m^iN(x^^.)+r-r) ir )m{q^ ) 

X det~\q-h)S{q-hs)jiq~hsc), 
where m = \S\. On the other hand, it follows from (14. 7p that 



M(^s{z) = —^—-^{zs)S{zso), 



which leads to 



Asc^qz-i[~jj, — 2 + i\ — 2m) 



m(m—N) 



{q^^^)m TT 0{qzi/zj 



nuyq^i T?, _-, X ^/ „i X 

Combining these facts yields the desired result. □ 



32 



HJALMAR ROSENGREN 



Corollary 6.11. For z e (C^)^, 



S{Mst{z)) = d^t-\q-'z)mTMq^-'))- (6.10) 



Proof. By (jM]), Lemma ElO] and f lSTG]) . 



J] ^(eT(z)) ® 5(M5t(^)) = A(^(e5(z))) 

TC[Ar] 

TC[N] ^'^^ ^ 



Since, by Corollary 14.41 the elements exiz) are linearly independent over fii{M^*) 
and S is invertible, S{eT{z)) are linearly independent over /ir(M(,.). It follows that 
the identity above holds termwise. □ 



We can now obtain the following variation of Corollary 16.71 
Corollary 6.12. Let {w,z) G (C^)^'-^ x (C^)^ be generic. Then, 



n O{qWi/Wj) 9{qZi/Zj) OiWi/Zj) 

e{wiiw,j) J-l e{zi/z^ J-l eiqwi/zA 



X 



/'„A+2-|r|\ /'„A+l+Ar-2|C/h 

W ' 'jjV+|r|-|j7|lg ' 'J|[/| ry 

(gA+l+M-2|T|-|V|)|^|(^A+2+Af-2|T|)|^|(^^A+2+M-2|T|)^_l^l ^-2|l/| 



with L as in (16 .Sp . 
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Proof. Using, respectively, Proposition 12 .Gt Corollary l6.1H Lemma \37L\ and Lemma 16^91 
gives 



{MsTiw),Muv{z)) = Tn-2\u\{S{Muv{z)).Mst{w))Tn-2\v\ 

= Tn-2\u\{ ^^'^[^1 det'^ {q~^z)(f){Mvcu4qz'^)),MsT{w))TN-2\v\ 

1^ 11 



Gy^lX + M + AT - 2|T| - 2|\/|)^ ^^^^11^^^^ B{qw,lz,) 

X TAr_2|(7| (<f){My.uc{qz~^)), Mst{w))Tn-2\V\ 
MN TT ^KAi) 



n 



iG[M]je[JV] ^(^^i/^i) 



GuA^ + N-2\U\) 



GvA>^ + M + N- 2\T\ - 2\V\)AT,MBuc,,-i,iX + N- 2\U\) 
X TN-2\u\{<Pifu-iqz~^))fTiw),esiw)(j){evc{qz~^)))TM+2N-2\v\, 

which simphfies to the given expression. □ 
Theorem 6.13. In the notation above, TZ^Jj{\\w\ z) can he expressed as 

9{qzi/zj) T-r 9{wi/zj) 



(^\\U\ + \V\ 0\^)+N(M-L) + \\U\(\U\+1) TT OKqZjjZj) yr 

J-l eizjz.) J-l eiqwi/z.) 



X 



(^A+l+Af-2|T|-|y|)|^|(^A+2+A/-2|T|)|^|(^A+2+M-2|r|)^_l^l 

\^ a(n^\UnY\+\VnY\ TT 0{qWi/Wj) -p-r 9{qWi/Wj) 

^ Al e^yjj^) 11 0^^^/^) 

xcsnT,Yc[N] i€X,jes\x ^ ' ■>' ieT\x,j<=T'= ^ ' ■" 

\X\ + \Y\ = \S\+N-\V\ 

^ TT 9{,q^Wi/zj) yr 9{zj/qwi) -|-|- 0{zj/wi) 



!7nF| 



X Hq-'zunY-, («;nx,9^^^c/=ny0;g-^-^+l^l+l^"^l) 
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or alternatively as 



\\S\ + m {^f)+Mi\U\^\T\)+^\T\{\T\+l) TT ^{qWi/Wj) -p-r d{Wi/ Zj) 

' ^ J- J- 9(wi/w,) J- J- eiqwJzA 

M-\S\ 



0{qZi/Zj) y-r 0{qZi/Zj 



|x|+|y|=7v+|5|-|y| 

TT ^(g^^^^/^i) TT -I-r ^(%M) 

A A Biqwdz.) A A ^(^,M) A A eizJqwi) 

X $((.,..\^, qwsnv^y, qws^nv; g-A-M-A.+|5|+2|a|+|5W|) 
X $((2;c;c\x, qwTnY-y, qwr-nV, q^+'^-\T\+\^'<^^\) . 

Proof. Consider the factor 

{(3{q~'^zu)d{q''^zuc,WT)(3iwTc),^{wsc)a{ws, q~^zvc)^{q~^zv)) 

from Corollary 16.121 Similarly as in the proof of Theorem I6.2[ commuting /3 to 
the right and 7 to the left, it can be written 



^(x,y),(u>,g-i^)(A) 

xc5nT, yc[Af] 
|x|+|y|=|5|+Af-|yi 

X C(5,y'=),(X,y),{«;s,g-i2)(A + M - |5'|)D(T,(7':),{X,Y),(«;T,g-i2)('^)^2|Vh2|5|-2Ar- 



Inserting this into Lemma [6. 121 and simplifying, we obtain the first expression. The 
second expression then follows using the first symmetry of Proposition 16.31 □ 



An interesting summation formula follows by choosing V = in the second 
expression of Theorem I6.13[ the value of the sum being known from (16. 7p . From 
the results of ^ it will be clear that this identity generalizes the elliptic An 
Jackson summation of |R2j : see ( 17. 6p below. 
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Corollary 6.14. Suppose that S,T C [M] and U C [N] with \S\ + \U\ = \T\. 
Then, if S C T, 



\X\ + \Y\=N+\S\ 



X qwsnv^y, qws^nv; g-A-M~iv+|r|+|^|+|5^ny|) 

X $((2;c/c\x, qwrnY-y, qwr-nV, g^+2-|r|+|T-ny|^| 



(_l)l'^lg(A^-|r|)|5|-5l'^l(|f^l+l)6l(g)l^l 



/'„A+1-|T|\ /„A+2+M-2|Th 



n O{Wi/Wj) Y[ d{qWi/Zj) yr 9{qWi/ Zj) 

ieSjeT'' ■'^ jgTsig[Af] ^ ieT\s,jeU ^ ' ^' 

x$(^^\,;z^;g^+2+^-|^l); 
otherwise the left-hand side vanishes. 

7. Hypergeometric series 

7.1. Preliminaries on elliptic hypergeometric series. Elliptic 6j-symbols 
can be expressed in terms of the elliptic hypergeometric series 12^11, where, in 
general, 

^ e{a) {q,aq/bi,...,aq/bm)y 

For an introduction to elliptic hypergeometric functions, the reader is referred to 
|GRl Chapter 11] or [S4]. The series arising from elliptic 6j-symbols are termi- 
nating and balanced. Terminating means that 61 = g-^, with N a non-negative 
integer, so that the summation is restricted to < y < A^. When m = 2k + 1, 
which is the only case of interest to us, balanced means that 

bi---b2k+i = a^q^-\ 

Two important results for such series are the elliptic Bailey transformation 

-N u J t \ Ag/e, Ag//)jv 



i2Vii(a;g ,b,c,d,e, f, g) 



{Xq,Xq/ef,aq/e,aq/f)N {7.1] 
X i2Vii(A; \b/a, Xc/a, \d/a, e, f,g), 

where A = qa^ /bed and a^q^^"^ = bcdefg, and the elliptic Jackson summation 

{aq,aq/bc,aq/bd,aq/cd)N 



10 



VQ{a;q ,b,c,d,e) 



{aq/b, aq/c, aq/d, aq/bcd)^' 
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where a^q^^^ = bcde. These identities were first obtained by Frenkel and Turaev 
|FTj . though with some restriction on the parameters they are imphcit in [D] . 
We now turn to the multiple series defined by 

V^™(a; 61, ... , hm+2'1 Ci, . . . , Cm+n+2'1 ^1, • • • 5 Zn) 

^ A(zqy) A o(a^.g».+i»i) n''.i(«^.)i,i nr-t'c-Obi 

n T-rm+n+2/ x V • / 

n 117=1 K^J^iJVi 



where 



7=1 Wj=i{<l^ihj)yiY{7=i i(^(l^i/bj)y. 



A{zi, . . . , Zn) = Yl Zj9{zk/zj), (7.3) 

l<j<fe<n 



Mz) eizJz.) 

^ ' l<j<k<n V «/ 

This type of series appears in |R2[ [52 ] for m = and m = 1 and in [KN[ | 
in general. Since fl7.3l) is an elliptic extension of the A^-i Weyl denominator 
nj<fc('^i ~ ^k) (in fact, it is essentially the Macdonald denominator for the corre- 
sponding affine root system [M]), these series are associated to root systems of type 
A. In the rational limit case, series of this type first appeared in the representation 
theory of unitary groups |AJJ| ICCB| IHBL] . 

Note that does not change under the scahng a ta, Cj tCj, zj zj/t. 
This redundancy of notation is convenient but must be kept in mind. Note also 
that 

V{^{a; 61, ... , bm+2', Ci, . . . , Cm+s! z) 

In particular, = uVn is the series related to elliptic 6j-symbols. 
We call the series balanced when the parameters satisfy 

h h n r' ■y -y — ^"1+1 m,+2 

The series can terminate in different ways. For instance, when 61 = q~^ , the 
summation is restricted to \y\ < N . Alternatively, when cj = q~^^ / Zj for 1 < j < 
n, the summation is restricted to Uj < Nj. 
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Kajihara and Noumi |KN] and the present author |R3] independently proved 
the transformation formula 



n 



nm+n f \ 
i=i K^j^k, 



yi,-,yn>0 
yi+---+yn=N 



■j)yk 



E 



n 



'])yk 



yi,-,yrn>o 
j/iH — \-ym=N 



w 



(7.4) 



where wi - ■ ■ Wm = zi ■ ■ ■ Zntti ■ ■ ■ am+n- This is a discrete analogue of an integral 
transformation of Rains |Raj ; the latter was recently given a quantum field theory 
interpretation by Dolan and Osborn |D0] . 

Eliminating one of the summation variables on each side of fl7.4p yields a trans- 
formation between series of type VJ^^ and VJ^zl- Replacing m, n by m + 1 and 
n + 1, and applying a standard argument of analytic continuation, the resulting 
identity takes the form 



T/m f h aq q g ^" ^.j M™ , ^ 

K \a;b,c, — ; ,q 'wi,...,q "wi^, d, e; ^i, . . . , z„ 

V Wi Wm Zi Zn J 

_ ^\N\-\M\ iMd, Xqe)\M\ {ml cd, aq/ ce) \n\ 
(Xqd/c, \qe/c)\M\{aq/d, aq/e)\N\ 

-rj {XqWj/b,XqWj/c)M, yj {mZj /he, aqZj)N, f^^ ^ Xq Xq. 
|jL [XqWj/bc,XqWj)M, jj^ {aqZj/b,aqZj/c)N, \ ' ' ' 2:1 ' " ' ' z„ ' 

, • • • , , q'^^zi, q^"Zn, -, -; wi, . . . , , (7.5) 

wi Wm d e J 

where A = bc/aq = gl^'~l^'a/(ie. 

The case m = n = 1 of (17. 5p is a 12V11 transformation that is different from 
(17. ip . but can be obtained as a consequence of that result. When m = 0, the 
function Vq on the right-hand side of (17. 5p should be interpreted as 1, and we 
obtain the multivariable elliptic Jackson summation \I12\ Cor. 5.3] 



K°(a;&,c;g-^Vzi,. 



I Z-ai dj 6j Zi, . . . J Zfi) 



^j^^ {aq/cd,aq/ce)\N\ yr {aqZj,aqZj/bc)N, 
{aq/d,aq/e)\N\ ^J^{aqZj/b,aqZj/c)N/ 



where a^g'^'"^^ = bcde. 
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Another multivariable elliptic Jackson summation is obtained in |RoS] : see [Scl 
Thm. 4.1] for the case p = 0: 



^^^^^^^ A(x) ^ 9{a) l\{d/x,)\y\^yXaq'^W-^^/ex.)\y\{aqx,/d) 

{a,b,c)\y\ -A- (q-^^Xi/xj) 



Vi 



n 



/Vi 



{aq^+\^\,aq/b,aq/c)\y\ .-LJ-^ {qxi/xj)y^ 

{aq,aq/bc)\N\ -A- {aqXj/hd, aqXi/cd)N, 
{aq/b,aq/c)\N\ {aqXi/ aqXi/hcd) 



(7.7) 



where a^g'^'+^ = hcde. 



7.2. Hypergeometric series from generalized 6j-symbols. The expressions 
in Theorems I6.2l and l6.13l are generalizations of elliptic hypergeometric representa- 
tions for elliptic 6j-symbols. In view of the discussion in §6.11 to recover the latter 
one should choose S = [M - s + I, M], T = [M - t + I, M], U = [N - u + l,N], 
V = [A^ — f + 1, A^] and specialize zj = q^~^C, wj = q^~^u. In Theorem 16.21 
the factor nie5'=\x jex ^il'^i/'^j) then vanishes unless X = [1, x], while the factor 
Y[ieYjeu\Y ^il^i/^j) vanishes unless Y = [N — y + l,N]. Since x and y are related 
hjy — x = s + u — M, the expression reduces to a single sum. Similar reductions 
occur for the two expressions of Theorem 16.131 One can check that all three sums 
are of type = uVn, and that the equality of the three expressions follows 
from known transformation formulas for such series. This is the case considered 
in |KoNj . We will now explain how to generalize these results to include series of 
type V^'. 
First, we let 



Wj = q^-^co, S=[M-s + l,M], T=[M-t + l,M] {7.1 
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in Theorem 16.21 As above, we may write X = [l,x]. By Lemma f5.5l the elhptic 
weight functions factor, and we find that 7l'gi^{\] w; z) equals 

fq\fqX+2+M~2tU X+2+M+N-2LV 11 e(zjz,) 



X 



Oiq^u/Zi) J- J- Oiq^u/z,) 



\Y\>L-M 

X 



0(zi/zA A A 

TT 0{qZi/u) -r-r 

11 6l(gi+L-M-|y|7,A,,^ 11 
Next, we speciahze 



0{qzi/zj) TT e{q\^\+''-^uj/z,) 



zunv = ivi, Viq'"' \...,Vm,---, Vmq'''^ (7.9a) 



zu^nv^ = iq'-''^i\ • • • , q'-'"^n\ • • • , C), (7.9b) 

so that 

N + \k\ = \U\ + \V\ + (7.10) 

We stress that this is not a restriction on the variables Zi, since the general case 
is included as ki = k = 1. Then, the only non- vanishing terms are those where 

with < yi < ki, so that |y| = \k\ — \y\. One may check that 



n ^iizjzj) ^ .^\y\ \ym-(M) A{T]qy) ^ {q ^^r],hj)y, 
Oizilz.) ^ ' ^ A(t]) J- J- {qriilm)^- ' 

cf. [KNj or |R2t §7]. After simplification, the result takes the following form. 
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Corollary 7.1. Assuming ( \7.8\\ and ( 17. 9p . Tl^i^{X;w; z) equals 

11 fll-nM, N 11 a(C^y.\ 11 



X 



0<yi<fc„[s/|<[fc|+M-L 

m 

X 

i=l 



n 



X 



TT — 

11 r^l- 



11 r^n./M n-Mr,./,,A 11 r/r-n./^.^ 11 



m 

X 

i=l 



In the notation (17.21) . the sum in Corollary 17. II can be written 

/„L-M-|fc| ^l+L-M-\k\ „l+L-A/-|fc| 
T/n / .„i-M-|fc| 9 9^ . 

„A+l~t „-A-l+L+|;7|-A/-JV „-fei „-fe™ 

q q q q he i„e 

Note that, since L = s + \U\ = t + \ V\ and f l7.10p holds, the series is balanced. 
Making the same specialization in the second expression of Theorem I6.13[ one 
finds that TZ^u{X; w; z) is an elementary factor times 

ym L-\k\ L-M-\k\ l+L-\k\ q ^ q ^. 

V Vl Vn 

^-A-l+t , A+1+M+7V-L-1C/I fcn q q '" . tr t 

q ^iq ^,q vij---^q '7m,-^,---,-^,?i,---,u • 

The fact that these two expressions agree is an instance of (17. 5p . Thus, we have 
obtained an algebraic proof of this transformation. (Although we only obtain (17. 5p 
under an additional discreteness condition on the parameters, that condition can 
be removed by analytic continuation similarly as in the proof of \I12\ Cor. 5.3].) 
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In §7.3[ it will be convenient to use the expression obtained by replacing Ui by 
ki — Hi in Corollary 17.11 When L < M, the condition \y\ < \k\ + M — L is trivially 
satisfied, and we find that 7l'^^{\; w; z) equals 



^(s+N-M-\V\)\k\ {(l)M-s{q)L ^g\+2+M+N 2L^^ 



X 



J- J- eizJz.^ J- J- I eiq^^^uj/zi) J- J- einJzi) 



n(nM,.,/^A 11 ()((:. 11 



X 



^11 {q^-Mr^^luj^q-Mr^Juj),^ 11 (g^V^)^^ 



^ '^mW "^iQ^ iq iq i;.!^ 1 ■ ■ ■ 1 q ?ni^, 

cj, g^^^+^w, g/^1, . . . , r/i, . . . , r]^] q~'''/vi, q~''""/Vm)- 

[7.11] 

This expression remains valid for L > M, if interpreted as 



7.3. Biorthogonal functions. We have seen that, under appropriate special- 
ization of the parameters, Ti^u can be written in terms of the multiple elliptic 
hypergeometric series V^. Making similar specializations in Proposition 16. H one 
obtains new results for such series. We will only consider the unitarity relation 
(16. Sp . and show that it leads to a system of biorthogonal functions of type V^, 
generahzing the functions of type = uVu studied by Spiridonov and Zhedanov 
[SZ]. 

The functions that we will describe depend, apart from p and q, on 2n + 3 
parameters a, b, c,Xi, . . . , Ni, . . . , Nn, with Ni non-negative integers. Fixing all 
these parameters, let 

(2/1, •••,?/«) = K ( -;agl^l,cgl"l, ; 

ag^-l^l q-y^ g"^" g-"i g""" \ 

1, — , , • • • 5 1 ; • • • ; •) • • • 1 I 7 
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(.-\y\-\N\ ^-\u\-\N\ ^i-l^lfe Q^-\^\b 



(2/1, •••,?/«) = c 



) ) 5 ) • • • ) ) 

a a c axi aXn 



g, , g^^xi, . . . , . . . , g«"x„; , , (7.12) 

a Xi Xn J 

where it is assumed that Ui are integers with < Ui < Ni. 

Note that, by f l7.5p . (2/1, l/n) can alternatively be expressed as an 

elementary factor times 



yn 



q-\u\-\y\-\N\-l q-\y\-N q~\u\-N q-\u\-\y\-\N\+Ni q-\u\-\y\~\N\+N„^^^ 



be a c be be 



, . . . , , Xi, • • • 5 2^71 



Although it may seem more natural to normahze g to be the latter l^-series 
(without any prefactor), we prefer the definition (17.121) since it exhibits a simpler 
dependence on the variables 

Theorem 7.2. The functions defined above satisfy the biorthogonality relations 

Ni,...,N„ 

^ 'w{y)fu{y)9v{y) = Su,v^u, (7.13) 

yi,...,y„=0 



where 



A{xqy) j,9{aq'\y\) (a),,, ^ {q-^^ x,/ x,)y^ 



/\(rr\ ^ ft(n\ (nn-^+\N\\, , 11 



X 



A(x) e{a) (agi+l^l)|,| Al (gx,/x,),, 

e{bq\y\-y^/xi){b/x{)\y\{q\^\ax,/b)y^ 



n 



L e{b/xi){bq^ /xi)\y\{aqxi/b)y^ 



P ^ 1JV| |jvp-|«| ^(^) TT (9X^/Xj)„, (Qg)|jv|(g l^l/c)|jv|„|„|(g^ ^'"'/c)h 
" ^ A(xg") .11 (g-^.x,/x,)„, (ag/6, fecgl^l),^. 



n 

X 



n 



e(g-l«lax,/6c) (x^, agi-l^lx^/fe^c)^^ (g">+i^lax,/fe)^,_„. 



L l«l+"«axi/6c) (xj/6, g-l"laXi/6c)Ar^ (g^+"'aa;j/6)Ar^_„^ 

When n = 1, the biorthogonal functions in Theorem 17.21 reduce to the one- 
variable functions of Spiridonov and Zhedanov |SZ] . We will briefly discuss two 
features that distinguish the one- and multivariable case. First of all, in self- 
explaining notation, repeated use of (17. ip yields that gu{y',a,b,c,x,N) equals an 
elementary prefactor times fu{y;a,b,c,x/q,N). Thus, the system is "almost" 
orthogonal in the sense that and gu are related by a parameter shift. In the 
multivariable case, no analogous relation seems to exist. 
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Another peculiar property of the one-variable case is that /„ and gu can be 
viewed as rational functions. To see this, note that 

with Ck independent of y. It follows from classical facts on elliptic functions that 
fu is rational in the variable 

e{sqy,sq-y/a) 

e{tqy,tq-y/a) ' 

with s and t arbitrary generic parameters. (Geometrically, identifying antipodal 
points on a complex torus gives the Riemann sphere.) In the multivariable case, 
there seems to be no analogue of this rational parametrization. 

Before explaining how Theorem 17.21 can be obtained from our findings above, 
we indicate a direct proof. We will use an explicit matrix inversion found in |RoS] ; 
see [Sc] for the case p = 0. Namely, for k,l,m multi-indices with k < ki < mi, 
i = 1, . . . , n, let 



BUa,b) qy ^o{^)l\9{aq\''\-^^/x^ 



(afegi+l'l+l^l)|,|_l^inr=i(«g'^'""''M)|fc|-KI 

irUbx.q^^^^'^)k.-k u::,=^{q'^^'-^^^^/x,)k.-l^ 

Then, B = A^'^, that is, the equivalent identities 

Amk{a, b)Bki{a, b) = 5im = ^ Bmk{a, b)Aki{a, h) 

k k 

hold. In fact, the first relation is equivalent to the case aq = ce of (17. 6p . while the 
second one is the case aq = be of (17. 7p . 

Let Cs be an arbitrary sequence, labelled by multi-indices s such that < Sj < 
Ni, i = 1, . . . ,n. Then, 

CsAus{a, b)Ay,{c, d) — ^ B^^t^via, b)BN-t,y{c, d) 

y s t 

= yr^ Aus{a, b)BN-t,v{a, b)5s,N-t = Aus{a, b)Bsy{a, b) = 5uv 

St s 
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A straight-forward computation reveals that Theorem 17.21 corresponds to the spe- 
cial case when (a, b, c, d) {cb/a, a/b, b, a/b) and 

g'^'<^-^'^^- fb^\ A(x) (a,c)2H 

^ -TT ag^+^'a;i/6)|s|(6/a;i,&c/axi)|s|_s,(a;i,ag^"l^lxi/62c)^^ 

Clearly, the same proof can be used to obtain more general, or different, biortho- 
gonal systems. 

Finally, we explain how Theorem 17.21 can be obtained from (16. 3p . Since the 
details of the computations are of little interest, we will be quite brief. First, we 
specialize w, S and T as in (17. 8p . We also assume that 

^ = (Ci,...,Cig^^-\...,Cn,...,Cng^"-'), 
zu = (Cig^^^-^S • • • , Cig^^-\ • • • , Cng^"-"", • • • , Cng^""^), 

ZV — \S\1 i-'-i^lQ ,---,U'? )■ 

Consider the symbol 7l'§^ {X; w; z) in (16. 3p . By Corollary l6.5l it vanishes identically 
unless X = [M - X + 1, M] and 

zy — \s\(l ,---,(,nq ,---,(,nq )■ 

This means that 7^f^ can be expressed as in (17. lip , where M, N, L, s, X and u 
are unchanged, while the remaining parameters are replaced byti— t-L— |^/|,|f/|^—)■ 
L — s, \V\ t-)- \y\, kj mm{uj,yj), Ij ^ Nj — ma.x{uj,yj), i]j q^j-'^Mui,yj)Q^ 
H- !■ gi~^j+™^^("3>»)Cri. As for the other generalized 6j-symbol in (16. 3p . we first 
apply Corollary 16.31 to write 

7^^^(A; z; w) = RJ.%1{X + M + N - 2L;w-^; z~^). 

We can then express it as in (17. lip , where M and N are unchanged, while L i— )■ 
M + N - L, s ^ M + \y\ - L, t ^ M - t, \U\ ^ N - \y\, \V\ ^ N + t - L, 
X (-7- X + M + N — 2L, u (-)■ q^~'^u, kj (-)■ Nj — ma.x{vj,yj), Ij (-)■ min(fj,?/j), 
Tjj i-> q^+^^^i^j^yj)-^j ^ ^- h-). g^j-™™(^j>»)^j.. Inserting these explicit formulas in 
it reduces to flTTTBD . where a = q^+^+^-^L^ ^ ^ g^+i"^, c = g-^-i-^ and 
Xj = q~^^uj/C,j. Since M and L are non- negative integers with L < M + N, 
we only obtain (I7.13P under additional discreteness conditions on the parameters. 
However, these conditions can be removed by analytic continuation, similarly as 
in the proof of |R2[ Cor. 5.3]. In that sense, we have obtained an algebraic proof 
of Theorem 17.21 

Appendix. Algebra symmetries. 

The equations (12.250 . (13.70 . (13. 8 p and (13. 9p reflect different forms of unitarity for 
symmetries of cobraided [)-bialgebroids. We will describe how to encompass these 
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in a general framework, which in particular simplifies the proof of Proposition 13.31 
It turns out that there are four types of unitarity, corresponding to a choice of 
direct or opposite product and coproduct. Moreover, one can incorporate twists 
by affine automorphisms of f)* (e.g. the map A i— )■ —A — 2 in Proposition 13. 3p . 

For A an f)-bialgebroid, two opposite f)-bialgebroid structures ^4°^ and on 
the complex vector space underlying A were introduced in |KoN] . We will write 
^coop _ ^j^opyop _ (^j[copyp^ rjj-^g bigradings on the opposite f)-bialgebroids are 
given by 

The moment maps are given by 

and the same equations with / and r interchanged. The product on A'^°^ is the 
same as that on A, while and are equipped with the opposite product 

m'^ o a. The coproduct on A°^ is the same as that on A, while and A'^°°p 
have the opposite product a o A"^. The counit on y4^°P is the same as that on A, 
while 74°P and yl™°P have counit 5*^" oe"^. Finally, if A is an f)-Hopf algebroid with 
invertible antipode, then so are the opposite structures, with antipode 5'"^''°^ = S'"^, 

Let x''* be a linear automorphism of f)* and x*^''* ^ fi^ld automorphism of M(,. 
satisfying 

X^VoT, = r^,*(„)Ox*^.*. (A.l) 
For instance, given an invertible affine map A i-> A\ + Aq on {)* one may define 

X^*(A) = A-'\ x*'^* (/)(A) = f{A\ + Ao). (A.2) 
It follows from (]A.1|) that 

defines an algebra automorphism x^" of D^. From now on, we suppress the upper 
indices, denoting all three automorphisms by x- We will also write 

^op _ ox^^ = x^" o5^^ 

Next, we recall some rudiments of the duality theory for [)-bialgebroids |Rlt 
§3.1]. It will be convenient to write {x,^} = ^(x), where ^ is a C-linear map from 
an [)-bialgebroid AtoD^. Let A' be the space of such maps ^ such that 

O = / ° {Xlir{f).i} = {X, O O /. 

It is an associative algebra with product 

{x,^v} = ^{x',^}Tuji2{x){x",v} 

ix) 

and unit element e. 
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Lemma A.l. Fix x o,s above, and let A and B be two \)-bialgebroids. Let cj) : A ^ 
B be a C-linear map such that ^(Aq,^) C B^-i(^c(),x-^{i3)> 

Then, {x,0'(^)} = xii^Pi^) ■> ^}) defines a map 0' : 5' — )■ A'. Moreover, if 

(0 ® 0) o = o 0, o £^ o = e^, 

then 0' is an algebra homomorphism. 
The proof is straight-forward. 

Lemma A. 2. Let A be an \)-bialgebroid equipped with a cobraiding. For s G 
{0, op, cop, coop}, there is an algebra homomorphism i'^ : A^ — )■ (A*)' given by 

{y,i{x)} = {x,y), 

{y,z°^{x)} = S^^{{y,x)), 

{l/,^™P(x)} = (y,x), 

{l/,2^°°P(x)} = S^"((a^,l/))- 
Again, the proof is straight-forward. 

Definition A. 3. Let A be an i)-bialgebroid equipped with a cobraiding. Fix x o,s 
above, and let s G {0, op, cop, coop}. Then, a map : A A is called {x,s)- 
unitary if, when viewed as a map A A^ , it is an algebra homomorphism, satisfies 
all conditions of Lemma [A. H and 

(f)' o i' o 4) = i. (A.3) 
More exphcitly, is {x, id)-unitary if it is an algebra homomorphism and 

= t^i{x'\f)), <l>Mf)) = Mx-\f)), 

0(^a/3) ^ ^X-Ha)>X-H/3)' 
(0®0)oA = Ao0, X ° S ° (j) = 

{x,y) = xi{<P{x),(p{y))y, (A.4a) 
it is (x, op)-unitary if it is an algebra antihomomorphism and 

= f^iix'\f)), <I>M)) = Mx-\f)), 

(0 (g) 0) O A = A O 0, ;^°P o £ O = e, 

{x,y) = x°''my)A{x))y, (A.4b) 
it is {x, cop)-unitary if it is an algebra homomorphism and 

0(/iK/)) = ^^r{X~\f)), 0(/ir(/)) = f^l{x'\f)), 

cro(0(g)0)oA = Ao0, xo£:o0 = e. 



FELDER'S ELLIPTIC QUANTUM GROUP 



47 



{x,y) = x{{(p{y),(p{x))y, (A.4c) 
and, finally, is (x, coop)-unitary if it is an algebra antihomomorphism and 

= 0(/i.(/)) = f^i{x-\f)), 

0" o (0 (g) 0) o A = A o 0, o e o (f) = e, 

(x,y) = x°''((0(x),0(y))). (A.4d) 
If A is equipped with an invertible antipode, then it is natural to require 

0o^ = ^^'o0, (A.5) 

that is, o S" = S" o for s G {0, cop} and <p o S = o for s G {op, coop}. 

Since (lA.SP is an equality between compositions of algebra homomorphisms, it 
is natural in the sense that if the two sides agree on two elements x and y, they 
agree on xy. We also need a dual version of this naturality. To this end, we 
observe that if satisfies all conditions of Lemma IA.lt then this is also true when 
is viewed as a map from A'^"^ to B'^°^. It is then easy to check that (1A.3P is 
equivalent to 



o u 



sNcop 



•cop 



when is viewed as a map — )■ {A'^Y°^. Together, the naturality properties of 
these two versions of (1A.3I) mean that, assuming the other conditions of 0, if one of 
the equalities flA.4p hold with (x, y) replaced by {xi,y) and {x2, y) it holds also for 
{xiX2,y), and if it holds for (x, yi) and (x, 1/2), it holds also for {x,yiy2). Thus, it 
is enough to check unitarity on a set of generators. Having made this observation, 
the proof of Proposition 13.31 is reduced to straight-forward verification. 

If we let xo = '^^'^ denote the automorphism constructed as in fEOj) from the 
affine map A 1— )■ —A — 2 of f)* = C, then we can give examples of eight types of 
(x, s)-unitary maps according to the following table (in each case, the additional 
axiom (lA.Sp is valid): 





id 


* 


* s 


S 


iJ 





(j) s 


ip s 


X 


id 


id 


id 


id 


Xo 


Xo 


Xo 


Xo 


s 


id 


op 


cop 


coop 


id 


op 


cop 


coop 
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